The uncertainty principle imposes a fundamental limit on predicting the measurement outcomes of incompatible observables even if complete classical information of the system state is known. The situation is different if one can build a quantum memory entangled with the system. Minimum uncertainty states are peculiar quantum states that can eliminate uncertainties of incompatible von Neumann observables once assisted by suitable measurements on the memory. Here we determine all minimum uncertainty states of any given set of observables and determine the minimum entanglement required. It turns out all minimum uncertainty states are maximally entangled in a generic case, and vice versa, even if these observables are only weakly incompatible. Our work establishes a precise connection between minimum uncertainty and maximum entanglement, which is of interest to foundational studies and practical applications, including quantum certification and verification.
The uncertainty principle imposes a fundamental limit on predicting the measurement outcomes of incompatible observables even if complete classical information of the system state is known. The situation is different if one can build a quantum memory entangled with the system. Minimum uncertainty states are peculiar quantum states that can eliminate uncertainties of incompatible von Neumann observables once assisted by suitable measurements on the memory. Here we determine all minimum uncertainty states of any given set of observables and determine the minimum entanglement required. It turns out all minimum uncertainty states are maximally entangled in a generic case, and vice versa, even if these observables are only weakly incompatible. Our work establishes a precise connection between minimum uncertainty and maximum entanglement, which is of interest to foundational studies and practical applications, including quantum certification and verification.
Introduction.-The uncertainty principle represents a key distinction between quantum mechanics and classical mechanics and is still a focus of current research [1] [2] [3] [4] . It imposes a fundamental limit on our ability to predict the measurement outcomes of incompatible observables, such as position and momentum [5, 6] . However, uncertainty relations have to be modified in the presence of a quantum memory because entanglement between the memory and the system can significantly reduce the uncertainties [7] [8] [9] [10] [11] [12] . This simple fact is of interest to diverse applications, including entanglement detection [8] [9] [10] and quantum cryptography [8, 11, 13] . Nevertheless, several fundamental questions are left open. In particular, what quantum states of the system and memory can attain the minimum uncertainty? How much entanglement is required to achieve this goal?
In this paper we determine all minimum uncertainty states (MUSs) with respect to any given set of nondegenerate observables on a finite-dimensional Hilbert space coupled with a quantum memory. We also determine the minimum entanglement required to construct a MUS. Surprisingly, for a generic set of observables, all MUSs are maximally entangled states (MESs), and vice versa, even if these observables are only weakly incompatible. To achieve this goal, we show that all MUSs are determined by a simple graph associated with transition probabilities between eigenbases of these observables. In contrast to previous works that are restricted to two observables or complementary observables, our approach has much wider applicability. Our work establishes a precise connection between minimum uncertainty and maximum entanglement, which is independent of the specific measures of uncertainties and entanglement. This connection is of general interest to foundational studies and quantum information processing, including semi-device-independent quantum certification and verification [14] [15] [16] [17] . . Then predicting the measurement outcome of O x amounts to predicting the outcome of the projective measurement on the basis B x . When these observables are incompatible (do not commute with each other), in general Bob cannot predict the measurement outcome with certainty even if he knows the complete classical description of the system state as characterized by the density matrix ρ A . In the case of two observables for example, the uncertainties about the measurement outcomes satisfy the Maassen-Uffink inequality [20] ,
where 
where ρ xk = ψ xk |ρ|ψ xk are subnormalized reduced states of Bob. Note that p x is also the probability that the POVM {Π xk } k can successfully distinguish the ensemble of states S (ρ, B x ) = { ψ|ρ|ψ | |ψ ∈ B x }. The maximum of p x over all POVMs can be determined by semidefinite programming. After this maximization, the average guessing probability is determined by the state ρ and the basis set B (or the observable set O).
Given a set of observables O = {O x } m x=1 or bases B = {B x } m x=1 for Alice, a joint state ρ of Alice and Bob is a minimum uncertainty state (MUS) if Bob can predict the measurement outcome of Alice with certainty by a suitable measurement depending on the choice of Alice. In this case, the guessing probability for each measurement of Alice can attain the maximum 1, that is, p x = 1 for each x. In other words, the conditional entropy H(O x |B) about the outcome of each observable is zero.
To appreciate the role of entanglement to MUS, consider an example with two observables, in which case the uncertainty relation in Eq. (1) is modified as follows [8] ,
Here H(A|B) ρ is the same conditional entropy that appears in Lemma 1, which manifests the impact of entanglement. So any MUS ρ must satisfy the inequalities
where the second one is from Ref. [21] (cf. Ref. [22] 
. . , m is perfectly distinguishable. The following three propositions are simple corollaries of these observations. Proposition 1. Suppose ρ is a MUS, then any state supported in the support of ρ is a MUS. Proposition 2. Suppose ρ 1 and ρ 2 are MUSs on H A ⊗ H B . If tr A (ρ 1 ) and tr A (ρ 2 ) have orthogonal supports, then any convex mixture of ρ 1 and ρ 2 is a MUS.
and Λ B is a completely positive and trace-preserving
Proposition 3 follows from the simple fact that quantum operations cannot enhance distinguishability. Two states ρ 1 and ρ 2 on H A ⊗ H B are equivalent if they can be turned into each other by local options on H B . In that case, ρ 1 is a MUS with respect to a given basis set iff ρ 2 is, so MUSs divide into equivalent classes.
In addition to the above propositions, the following lemma is a key to establishing our main results. It is a corollary of Lemma 3 below proved in the Appendix. Here we take the convention that a zero vector is orthogonal to all vectors.
Transition graphs.-The transition graph of a basis set B = {B x } m x=1 in H A is an m-partite graph with md A vertices which are in one-to-one correspondence with the basis states (identical states in different bases correspond to different vertices). Two vertices are adjacent iff the corresponding states are not orthogonal, that is, the transition probability between the two states is nonzero. The basis set B is irreducible if the transition graph G(B) is connected. Any basis set composed of m ≥ 2 mutually unbiased bases is irreducible since the transition graph is a complete m-partite graph. The same conclusion holds for a generic set of random bases.
The basis set Connect minimum uncertainty states with maximally entangled states.-Now we can present our main results on the connection between MUSs and MESs. The following theorem is proved in the Appendix.
By Theorem 1 and Lemma 1, each MUS with respect to B is a tensor product of a pure MES and an ancil-lary state. In addition, to attain the minimum uncertainty, the measurements of Bob on the support of ρ B are uniquely determined by the counterpart of Alice, as shown in the proof of Theorem 1. These MUSs can be turned into each other by local operations on H B and thus form a single equivalent class. If d A ≤ d B < 2d A , then all MUSs are pure and can be turned into each other by unitary transformations on H B . These results hold as long as the transition graph is connected, even if B consists of only two nearly identical bases, so that the corresponding observables are only weakly incompatible, as quantified by the commutator or incompatibility robustness [24] [25] [26] .
Theorem 2. Suppose B is a set of orthonormal bases in H A and has g irreducible components with component subspaces H A,a , component projectors P a , and component ranks r a for a = 1, 2, . . . , g. Let ρ be a bipartite state on H A ⊗ H B and ρ a = (P a ⊗ 1 B )ρ(P a ⊗ 1 B ). Then ρ is a MUS with respect to B iff the following three conditions hold: r a ≥ d B whenever tr(ρ a ) > 0; each ρ a with tr(ρ a ) > 0 is a (subnormalized) MES on H A,a ⊗ H B ; all tr A (ρ a ) have mutually orthogonal supports.
Theorem 2 follows from Theorem 1, note that ρ is a MUS on H A ⊗ H B with respect to B iff each ρ a is a MUS on H A,a ⊗ H B with respect to B a and, in addition, all tr A (ρ a ) have mutually orthogonal supports. Corollary 2 follows from Theorem 2 and can also be derived using a similar reasoning that leads to Theorem 1.
Given the premises of Theorem 2, if Alice performs the component measurement, the projective measurement onto the component subspaces, then the probability of obtaining outcome a is q a = tr[ρ(P a ⊗ 1 B )] = tr(ρ a ). The component vector q(ρ, B) = (q a ) a of ρ with respect to B is composed of these probabilities and is invariant under local operations of Bob. If ρ is a MUS, then ρ A = a q a P a /r a . Two MUSs have the same reduced state and thus same measurement statistics for Alice iff they have the same component vector. In the case of pure states, Corollary 2 further implies the following result. Corollary 4 is proved in the appendix. Here the lower bound E F (ρ) ≥ q a log 2 r a still applies if the entanglement of formation is replaced by the relative entropy of entanglement, entanglement cost, or distillable entanglement [18] , which can be proved by a straightforward modification of Eq. (12) in the Appendix. A MUS saturating this bound is economical.
If ρ is a MUS with respect to B, thenρ = a ρ a is a MUS and a direct sum of subnormalized MESs. Denote by H B,a the support of tr A (ρ a ) and Q a the corresponding projector; then ρ a = (1 A ⊗ Q a )ρ(1 A ⊗ Q a ). So ρ can be turned intoρ by local operations of Bob. Thanks to Lemma 1, ρ can further be turned into a direct sum of pure MESs, a q a |Φ a Φ a |, where |Φ a is a normalized MES in H A,a ⊗ H B,a (a product state when r a = 1). These observations lead to the following corollary. To verify the resulting state ρ, they can perform tests based on correlated local projective measurements such that only the target state can pass all tests with certainty [27] [28] [29] [30] [31] . Suppose Alice can perform projective measurements from the set B = {B x } m x=1 in which B x is chosen with probability µ x > 0. For each choice B x , she asks Bob to perform the measurement on the conjugate basis B *
x and return the outcome. The test is passed if Bob and Alice obtain the same outcome [29] .
If Bob is honest, then the average probability that ρ passes each test is tr(ρΩ), where Ω = m x=1 µ x P (B x ) [29] is known as the verification operator and
Note that |Φ is an eigenstate of Ω with eigenvalue 1 and can pass each test with certainty. In addition, |Φ can be reliably verified by the above protocol iff the maximum eigenvalue of Ω is nondegenerate [28] [29] [30] [31] . This is the case iff the basis set B is irreducible by Theorem 3 below. Next, suppose Bob is not honest, which is relevant to semi-device-independent quantum certification and verification [15] [16] [17] . Then Alice cannot distinguish states that are equivalent under local operations of Bob. Nevertheless, she can still verify the MES |Φ up to equivalence. Thanks to Theorem 1, the uncertainty game described before actually provides a verification protocol whenever the basis set B of Alice is irreducible. Surprisingly, this requirement remains the same when Bob becomes dishonest. In addition, the measurements of Bob required to attain the maximum guessing probability are essentially uniquely determined by the counterpart of Alice.
Our study also has implications for Einstein-Podolsky-Rosen steering [7, 15, [32] [33] [34] , which is clear if we interchange the measurement order in the above verification protocol. In each test Alice asks Bob to perform the measurement on the basis B * x with probability µ x > 0 for x = 1, 2, . . . , m and return the outcome. Then Alice performs the projective measurement on B x , and 
, which is identical to Eq. (2), but with a different expression. The subnormalized states σ xk satisfy k σ xk = ρ A and form an ensemble of ρ A for each x. The collection of ensembles {{σ xk } k } x is an assemblage of ρ A [33] [34] [35] . Thanks to Lemma 5 and Theorem 4 below proved in the Appendix, the tests of Alice can verify the assemblage {{|ψ xk ψ xk |/d A } k } x , which in turn can verify the MES, whenever B is irreducible (when B consists of m ≥ 2 mutually unbiased bases for example). This result is of interest to semi-device-independent self testing [14] [15] [16] [17] . The robustness analysis deserves further studies, but beyond the scope of this paper. Summary.-We determined all MUSs with respect to any given set of nondegenerate observables in the presence of a quantum memory. In addition, we determined the minimum entanglement required to construct a MUS.
Our study shows that all MUSs are MESs for a generic set of two or more observables even if these observables are only weakly incompatible. The connection between MUSs and MESs established in this work is of intrinsic interest to studying the uncertainty principle, quantum entanglement, and steering. Moreover, it has direct applications in semi-device-independent quantum certification and verification. This work is supported by the National Natural Science Foundation of China (Grant No. 11875110).
Appendix
Proof of Lemma 1. First, note that all pure MESs on H A ⊗ H B are equivalent to |Φ = dA−1 j=0 |jj under local unitary transformations of Bob given that d B ≥ d A . In addition, any state ρ on H A ⊗ H B satisfies the following inequalities:
The first inequality is due to the following equation,
The second inequality in Eq. (7) is derived in Ref. [21] (cf. Ref. [22] ). The third inequality follows from the three facts: E R (ρ) and E F (ρ) coincide on pure states; E F (ρ) is an entanglement measure based on convex roof; E R (ρ) is convex in ρ [18] . The fourth inequality follows from the convex-roof definition of E F (ρ) and the concavity of von Neumann entropy. The last inequality is well known. If ρ is a MES, then we can produce |Φ = dA−1 j=0 |jj from ρ using LOCC, so E R (ρ) ≥ E R (Φ) = log 2 d A , which together with Eq. (7) implies the equality E R (ρ) = log 2 d A and confirms the implication 1 ⇒ 3. The implications 2 ⇒ 3 and 3 ⇒ 4 also follow from Eq. (7) . If statement 5 holds, then ρ can be transformed into |Φ under LOCC (local operations of Bob alone are sufficient), so ρ is a MES. In addition, straightforward calculation shows that H(A|B) ρ = − log 2 d A . Therefore, statement 5 implies statements 1 and 2. To prove Lemma 1, it remains to prove the implication 4 ⇒ 5.
If E F (ρ) = log 2 d A , then all pure states in the support of ρ have the same entanglement of formation and are MESs. Let ρ = s λ s |Ψ s Ψ s | be a spectral decomposition; then each |Ψ s is a MES and can be expressed as follows,
where the kets |ϕ sj for a given s are orthonormal. In addition, (|Ψ s +|Ψ t )/ √ 2 for s = t is a MES, so that the kets (|ϕ sj + |ϕ tj )/ √ 2 for a given pair of s and t with s = t are orthonormal, which implies that ϕ sj |ϕ tk + ϕ tj |ϕ sk = 0 ∀j, k = 0, 1, . . . , d A − 1. (10) Similarly, (|Ψ s + i|Ψ t )/ √ 2 is maximally entangled, which implies that ϕ sj |ϕ tk − ϕ tj |ϕ sk = 0 ∀j, k = 0, 1, . . . , d A − 1. (11) It follows that ϕ sj |ϕ tk = 0 for all j, k, so tr A (|Ψ s Ψ s |) and tr A (|Ψ t Ψ t |) have orthogonal supports whenever s = t. Therefore, every spectral decomposition of ρ has the properties described in statement 5, which confirms the implication 4 ⇒ 5.
Proof of Lemma 3. If {|ϕ j } j forms an eigenbasis of M † M , then M † M |ϕ j ∝ |ϕ j , so that M |ϕ j are mutually orthogonal. Conversely, if M |ϕ j are mutually orthogonal, then M † M |ϕ j for each j is orthogonal to |ϕ k for all k = j. Therefore, M † M |ϕ j ∝ |ϕ j , which means {|ϕ j } j forms an eigenbasis of M † M . Next, suppose ρ is mixed. If d B ≥ d A and ρ is a MES, then ρ has a spectral decomposition ρ = s λ s |Ψ s Ψ s | in which each |Ψ s is a MES by Lemma 1 and is thus a MUS with respect to B. In addition, the reduced states tr A (|Ψ s Ψ s |) have mutually orthogonal supports, so ρ is also a MUS by Proposition 2. Alternatively, this conclusion follows from Corollary 1 and Proposition 3 given the above conclusion on pure states.
Conversely, if ρ is a MUS, then every pure state in its support is a MUS by Proposition 1 and thus a MES given the above discussion; in addition, d B ≥ d A . Therefore, E F (ρ) = log 2 d A , so that ρ is a MES by Lemma 1.
When ρ is a MUS and thus a MES, to characterize the optimal measurements of Bob, note that ρ can be expressed as a tensor product of a pure MES and an ancillary state by Lemma 1. Without loss of generality, we may assume that the support of ρ B coincides with H B since modification of POVM elements outside this support does not affect the guessing probability. Proof of Corollary 4. Letρ = a ρ a = a ρ a . Then
The lower bound is saturated if ρ = a ρ a . Conversely, if the lower bound is saturated, then ρ has a convex decomposition ρ = s α s |Ψ s Ψ s | such that E F (ρ) = s α s E F (|Ψ s ) = E F (ρ). So the average entanglement of formation of each pure state |Ψ s does not decrease when Alice performs the component measurement, the projective measurement composed of the component projectors. Therefore, each tr B (|Ψ s Ψ s |) is supported on a component subspace, which implies that ρ = a ρ a .
Proof of Theorem 3. Suppose the orthonormal basis B x consists of the kets |ψ xk for k = 0, 1, . . . , d A − 1. Define subnormalized vectors |v xk = √ µ x |ψ xk ⊗ |ψ * xk ; then we have Ω = xk |v xk v xk |. Let M be the Gram matrix of the set of vectors |v xk for x = 1, 2, . . . , m and k = 0, 1, . . . , d A − 1.
Then Ω and M have the same nonzero eigenvalues, including degeneracies. Note that M is a positive semidefinite doubly stochastic matrix. In addition, the adjacency matrix of the transition graph G(B) can be constructed from M by replacing nonzero entries with the constant 1.
If the transition graph G(B) has g connected components, then M decomposes into a direct sum of g positive semidefinite doubly stochastic matrices, which are in one-to-one correspondence with the connected components of G(B). According to Perron-Frobenius theorem (see Chap. 8 of Ref. [36] for example), each term in the direct sum has a maximum eigenvalue equal to 1, which is nondegenerate. Therefore, the maximum eigenvalue of M is g-fold degenerate, and the same holds for Ω. In particular, the maximum eigenvalue of Ω is nondegenerate iff G(B) is connected, in which case the basis set B = {B x } m x=1 is irreducible.
Proof of Lemma 5. For each basis B x , the equality k ψ xk |σ xk |ψ xk = 1 implies that σ xk ∝ |ψ xk ψ xk | for each k and that ρ A is diagonal with respect to B x . According to Lemma 4, ρ A is necessarily completely mixed given that the basis set B is irreducible. Now, for each x, the requirement k σ xk = ρ A implies that σ xk = |ψ xk ψ xk |/d A for each k, so the assemblage {{σ xk } k } x is identical to the target assemblage
Proof of Theorem 4. Let {Π xk } k be the POVM of Bob used to generate the ensemble {|ψ xk ψ xk |/d A } k , that is, tr B [ρ(1 A ⊗ Π xk )] = |ψ xk ψ xk |/d A for all k. Then we have k tr[ρ(|ψ xk ψ xk | ⊗ Π xk )] = 1, x = 1, 2, . . . , m, (13) so ρ is a MUS with respect to B. Thanks to Theorem 1, we have d B ≥ d A and ρ is a MES.
Given the state ρ, it is worth pointing out that the set of POVMs employed by Bob to generate the assemblage {{|ψ xk ψ xk |/d A } k } x is unique if we only consider the
